
1. Introduction
It is common to synthesize ‘piecewise’ Voronoi polygon meshes
on the facets of a polymesh, for the purposes of fracture generation
[Raghavachary 2002], reaction-diffusion simulation [Walters et.
al. 2001] etc. This sketch illustrates the clipping procedure useful
in  ‘bounding’ Voronoi meshes to their container facets. It contains
useful  implementation details usually left out of textbooks on
computational geometry, eg. [Okabe et. al. 1992; O’Rourke 1994].

2. The clipping process
The top right panel below illustrates what we are after - we would
like to start with the seed points shown on the top left, create a pla-
nar Voronoi diagram of the point set, clip the resulting mesh
against a bounding triangle to end up with the collection of poly-
gons shown in the adjacent panel. Note that the polygons com-
pletely tile the parent triangle and that the corners of the triangle
are also part of the resulting polygon collection.

The bottom two panels show the process. Our collection of seed
points (which include the vertices of the triangle) are Delaunay-tri-
angulated and then Voronoi-tessellated to yield 14 triangles and
therefore 14 Voronoi vertices (one for each triangle). The
Delaunay triangulation is shown in green and the Voronoi diagram,
with white edges. The Voronoi vertices have been labeled A
through N. The 'interior' Voronoi vertices connect with exactly
three neighbors, by definition. This is the case for vertices B, C, G,
F, H, J, K and L. The rest are exterior vertices lying on the edge of
the network, connecting only to two neighbors. This is the case for
the six vertices A, D, E, I, M and N. The missing neighbor for
these vertices is presumed to be at infinity and is symbolically
illustrated above by the dashed line radiating from vertex A. 
We call these six outlier vertices 'problem' vertices. Our choice of
bounding triangle adds one more entry to the problem vertices list.
Vertex L, though it has 3 neighbors, happens to lie outside our tri-
angle, so it too is problematic. This gives us two types of problem
vertices - outliers in the Voronoi mesh and outliers with respect to
the bounding polygon [note that these are not mutually exclusive,
eg. A, E, M and N are instances of both types].
As a result, out of seven problem vertices, the choice of the bound-
ing triangle places five of them (A, E, L, M and N) exterior to the
triangle and the others (D and I) interior. We need to systematical-
ly deal with these seven problem vertices, clipping edges or creat-
ing new ones to produce a polygon network fully contained by the

bounding polygon, a triangle in our example.
We can simply discard the vertices that lie outside our bounding
triangle, i.e. A, E, L, M and N. But we still need to process the
edges that emanate from them. Also, an edge such as L-M can be
discarded since it lies totally outside the bounding polygon. That
leaves us edges that intersect the bounding polygon, and these are
what we need to process.
There are four cases (a-d) to consider. (a). ‘Single clipping’,
where Voronoi edge N-K needs to be clipped against triangle edge
2-3 to create a new vertex '10' on the triangle edge. (b). ‘Corner
clipping’, where Voronoi edge N-M, although made up of vertices
that both lie outside the bounding triangle, still needs to be clipped
against the triangle edges 2-3 and 1-2 that intersect it, resulting in
new vertices '8' and '9' on the triangle edges.  (c). ‘Double clip-
ping’, in which Voronoi vertices A, E and L all have two interior
vertices as neighbors, so two of their edges need clipping. Eg. A-I
and A-B get clipped against 1-2 to create new vertices '12' and '13'.
(d). ‘Extending’, where problem vertices D and I lie inside the
bounding polygon but have infinity neighbors/edges and should be
given non-infinity edges by extending them out perpendicular to
the bounding polygon’s edges. Eg. D is extended out to '14' and I,
to '11'. 
After carrying out the clipping we end up with a tidy collection of
vertices, comprising newly created vertices lying on the bounding
polygon, the bounding polygon's own vertices and of course the
original 'non-problem' Voronoi vertices (B, C, G, F, H, J, K in our
case). We then systematically enumerate the polygons that result
from this collection, ending up with a set that fully tiles the bound-
ing parent polygon. This procedure can be employed on each facet
of a polymesh, resulting in ‘piecewise’ Voronoi networks.
Shown below is a torus mesh on which a piecewise Voronoi net-
work is constructed each facet, using the clipping process dis-
cussed above. 

3. Conclusion
A technique has been presented to clip a Voronoi mesh against a
container polygon lying in the same plane as the mesh. The tech-
nique is useful for constructing 'piecewise' Voronoi networks on
the faces of a polymesh, for ornamentation, fracture generation,
reaction diffusion pattern synthesis, etc.
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